Abstract. We present a self similar three dimensional and spherically symmetric fluid model of the expansion of an either globally neutral or globally charged collisionless plasma into vacuum. As in previous works by other authors the key parameter of the model is the ratio of the electron Debye length to the radius R of the expanding ion sphere. The main difference with respect to the recently published model of Murakami and Basko [1] is that the electron temperature is spatially non uniform. The major consequence of the spatial variability is that the self-similar solution is characterized by the presence of a sharp electron front at some finite distance ahead of the ion front. Explicit analytic expressions for the self-similar profiles of the ion and electron densities, the electron temperature and the heat flux are given for the region inside the ion front. The model is shown to be in good qualitative agreement with results from ab initio plasma simulations.
Introduction
Plasmas freely expanding into vacuum are commonly observed in the astrophysical context. Examples are the negatively charged dust particles in cometary tails expanding into the interplanetary space [2, 3] or the expansion of the solar wind plasma into the wake region of inert objects such as asteroids or the moon [4] . Besides the astrophysical studies, most of the material on freely expanding plasmas has been published in the context of laser-matter generated plasmas [5, 6, 7, 8] or discharge generated plasmas [9] . During the last decade, the particular case of the collisionless spherical expansion has focused attention after the experimental confirmation that the irradiation of small cluster of deuterium atoms with high intensity laser pulses can produce a sufficiently large number of up to MeV ions for efficient fusion reactions to occur [10] . In a typical laser-cluster fusion experiment all, or just a fraction of the electrons are instantly stripped from the cluster atoms or molecules and heated to up to keV energies by the laser field [11, 10, 6] . The heated electrons depart from the cluster leaving a clump of positively charged ions which become accelerated under the action of their mutual electrostatic repulsion. To lowest order, the spatial structure of the expanding plasma consists in two distinct regions. An inner region (the ion sphere), surrounding the expansion centre, where both ions and electrons are present, and an outer region, populated by electrons only [12, 1, 13] . The detailed structure is generally more complex, especially in the case of large clusters where the initial heating is spatially non uniform. In this case a two-component electron distribution and intricate spatial and temporal structures of the expanding plasma are expectd [14, 15] . As shown in [6, 16] the minimum cluster size for a two-component electron distribution to form is a function of the cluster's chemical composition and of the lasers' characteristics.
Numerical studies have shown that even in the most simple case with only one single Maxwellian electron population the initial evolution of the system is characterized by wave steepening of the ion fluid velocity profile with associated formation of a peaked ion front and development of plasma microinstabilities as the ion velocity becomes multivalued [17, 18] . Thus, as first pointed out on theoretical grounds in [17] and subsequently observed in plasma discharge experiments [9] , the late time (self-similar) ion density profile is sometimes expected to be smoothed out by the microinstabilities at the ion front. Recent two and three-dimensional kinetic simulations [14, 13] have also pointed out how critically the expanding plasma depends on the characteristics of the laser pulses used to heat the electrons. However, a model is only useful if it is simple and if it contains all of the fundamantal ingredients of the problem. We therefore restrict our model to the case of one single, not necessarily isothermal electron fluid, and an infinitely steep ion front. The model describes the self-similar expansion of one single, spherically symetric plasma plunged in an infinite empty volume. As already pointed out in [17] it is expected that the expansion is self-similar when the radius of the expanding plasma bubble largely exceeds the initial radius of the bubble, i.e. after a time long enough for the memory of the initial conditions to be lost. Ions are assumed to be cold with a discontinuous ion-front while the electrons' density and temperature are related to each other by a simple polytropic law. The ion and electron fluid velocities are assumed to be shear-free, meaning that they vary linearly with the distance from the expansion centre [19] . The linear variation of the fluid velocity with respect to the radial distance is necessary condition for the solution to be self-similar unless some special conditions are assumed near the expansion centre [20] .
The self-similar solution we propose differs from previously published self-similar solutions [1, 8] in that the electrons are not assumed to be spatially isothermal, in accordance with results from two dimensional PIC simulations [14] and our N-body simulation of Section 3. The implications of a spatially varying electron temperature is that the electron heat flux is finite with energy flowing towards the expansion centre. In addition, the electron density drops to zero at some distance ahead of the ion front while it extends to infinity in the Murakami and Basko model. For completeness, we note that self-similar isothermal solutions similar to the one discussed in [1, 8] but with a moving inner boundary, have been published in [21, 22, 20] .
The paper is divided into two main sections. In section 2 we present the complete theory of the self-similar model. In section 3 we compare the model with results from a numerical N-body simulation.
Self-similar two fluid model
We describe the self-similar expansion of a plasma into vacuum within the context of a two species (ions and electrons) spherically symmetric fluid model. The main difference with respect to the self-similar model of Murakami and Basko [1] is that the electron temperature is not assumed to be spatially uniform. The spatial dependence of the electron temperature being confirmed by the case simulation presented in section 3. As in the Murakami and Basko model we do consider the limit where the thermal energy of the electron fluid is much larger that the thermal energy of the ion fluid (cold ion limit).
Basic assumptions and equations
In this section, for the sake of completeness and to avoid ambiguities, we do briefly present the definitions and assumptions whereon our model is based.
2.1.1. Definition of the plasma We consider a non magnetized two species collisionless electron-ion plasma with an electron to ion mass ratio m e /m i ≪ 1. For simplicity we assume single ionized ions with charge q i = e (e is the elementary charge) the generalization to higher ionization levels being a trivial extension of the model.
Fluid equations
The collisionless hypothesis allows the systematic construction of fluid equations by computing the velocity moments of Vlasov's equation [23] .
Assuming spherical symmetry, and postulating isotropic velocity distribution functions, the order zero and order one velocity moments of the non relativistic Vlasov equation for species j = i, e (ions and electrons) lead to the continuity and momentum equations in the form
where n j , ̺ j ≡ m j n j , v j and p j are the number density, the mass density, the fluid velocity and the pressure for species j. As usual, the electric field E appearing in the momentum equation is implicitly determined by the spatial distribution of ions and electrons via Poisson's equation
The system of fluid equations is closed with a barotropic equation of state for the electrons
and p i = 0 for the ions. As already pointed out in [1] the only choice for the polytropic index which is compatible with a self-similar solution of the equations is γ = 4 3 , unless the plasma is quasi-neutral in all points of space, as for the self-similar solutions proposed in [18] . We discuss this point in more details in section 2.2.
2.1.3. Shear-free flow In addition to the spherical symmetry of the flow we postulate it to be shear-free. As shown in [19] the shear-free hypothesis implies that the fluid velocity v j must be a linear function of the radial coordinate r multiplied by an arbitrary function of time H j (t), i.e. v j = rH j (t). Of course shear-free flows are a rather restrictive class of spherically symmetric flows. For example, it has been first pointed out in [17] for the quasi-neutral planar case and more recently in [24, 13] for the so-called Coulomb explosion, the case where the totality of the electrons can escape from the cluster, that for non uniform initial ion densities the ion velocity profile inevitably steepens until it becomes multiple-valued and potentially unstable to plasma microinstabilities. The shear-free assumption may still be pertinent for the late time evolution of the system when the volume occupied by the expanding plasma greatly exceeds the initial volume, and all wave activity has been damped out through wave-particle interactions.
The consequence of the shear-free flow assumption is that the continuity equation (1) reduces to
whose general solution isñ j =ñ j (r/R j ) where the spatial scale R j is a function of time such that H j =Ṙ j /R j , where overdots represent the time derivative d/dt. Thus, assuming flow velocities of the type
ensures both, that the flow is shear-free, and that the continuity equation (1) is identically satisfied for any density profileñ j =ñ j (ξ j ) where ξ j = r/R j is the self-similar coordinate for species j. We conclude this section by noting that velocity profiles that are not linear in r can lead to self-similar solutions in a limited region of space. For example, in [20] the fluid velocity is assumed to be zero at an inner boundary r = r 0 > 0.
Zero electron-ion drift velocity
In the previous section we did not put any constraints on the temporal evolution of the scaling lengths R j . However, because of the electrostatic coupling between species, we do not expect ions and electrons to evolve on different scales. We then postulate the same scaling length R(t) ≡ R i = R e for both species, which is equivalent to assuming equal fluid velocities v ≡ v e = v i . The overall fluid motion for both ions and electrons is therefore a function of just one single scaling length R:
For example, the zero drift assumption implies that the density ratio n i /n e at the selfsimilar position ξ = r/R does not change in time.
2.1.5. Cold ions approximation Given the zero drift hypothesis v e = v i and assuming that the ion pressure term ̺ −1 i ∂p i /∂r is small compared to the electron pressure term ̺ −1 e ∂p e /∂r, it follows from (2) that the electric field within the ion sphere, where both electrons and ions coexist, only depends on the spatial variation of the electron pressure:
Using the above expression for the electric field, instead of Poisson's equation (3), does considerably simplify the electron momentum equation within the ion sphere leading to simple analytic expressions for the density and temperature profiles in that particular region.
Plasma structure inside of the ion sphere
We chose the ion front to be located at r = R(t), or, in terms of the self-similarity variable ξ, at ξ = 1. All of the ions are therefore located within the spherical volume ξ ≤ 1 where the electric field is given by equation (8) . Substituting this expression for the electric field in the momentum equation for the electrons (2) leads to the simpler form
where we have defined the small, dimensionless variable α ≡ m e /(m e + m i ) ≈ m e /m i . Using the barotropic closure (4) and the shear-free flow (7) one can write (9) in terms of a differential equation for the dimensionless electron density N e ≡ n e R 3 =ñ e /ξ 3 :
The general solution of this equation is not self-similar as it depends explicitly on the spatial scale R. However, one can make the left-hand side of equation (10) independent of R by settingRR 2 = k 1 . The meaning of the constant k 1 becomes clear immediately by noting that in a self-similar solution the net charge of the plasma within an arbitrary sphere of radius ξ must be constant in time. Thus, if Q(ξ) is the net charge within a sphere of radius ξ we can write the momentum equation (2) for the ions as
and consequently k 1 = eQ 1 /m i is just a measure of the net charge Q 1 ≡ Q(1) of the ion sphere ξ ≤ 1. The explicit dependence on the spatial scale R in the right-hand side of equation (10) is then easily eliminated by setting γ = 4 3 leading to the simple equation
where
is a reference density which we chose to be the electron density at the edge of the ion sphere and where k 2 is a dimensionless parameter denoting the relative importance of electrostatic and kinetic energy of an electron at ξ = 1
In (13) k B is the Boltzmann constant and T (1) the electron temperature at ξ = 1. As k 2 is not allowed to vary in time we deduce that in the self-similar solution the electron temperature goes as T (ξ) = T 0 (ξ)R 0 /R and where the index 0 refers to time t = 0 (also see [1] ).
Electron density profile inside of the ion sphere
The solution of equation (12) is a simple polynomial
The smaller k 2 , i.e. the hotter the plasmas, the flatter the electron density profile. A schematic representation of the electron density profile in the inner region is shown in figure 1 . Figure 1 . Dependence of the ion and electron density profiles on the parameters a and k 2 . The departure from charge neutrality in the inner region is specified by the parameter a = [N i (1) − N e (1)]/N e (1) and the curvature of the density profiles near r = 0 by k 2 . As shown in section 2.3, the parameters a and k 2 are not independent of each other.
Electric field and ion density profiles inside the ion sphere
The electric field in the inner region is given by equation (8), together with the polytropic approximation p e ∝ ̺
4/3 e
and the equation for the electron density (14) . Not considering the constant factors one then easily finds that the r 2 E ∝ ξ 3 . With Q 1 being the net charge of the ion sphere, the electric field at ξ = 1 is just E(1) = eQ 1 /R 2 and the electric field in the inner region must be
We note that the electric field always peaks at the edge of the ion sphere ensuring that any given ion is always less accelerated that all ions ahead of it. Thus, as it must necessarily be, no ion overtaking occurs during the self-similar phase of the expansion. Ion overtaking is nevertheless a common event during the early, non self-similar phase of the expansion, unless very special initial conditions are chosen such that the electric field increases monotonically from r = 0 to r = R [24, 13] . In order to compute the ion density we multiply Poisson's equation (3) by R 3 and rewrite it in terms of the self-similar variable ξ ∂ ∂ξ
Since r 2 E ∝ ξ 3 it follows that N i − N e is a constant:
where, as before, N 1 = N e (1) and where the constant a = 3Q 1 /(4πeN 1 ) is settled by the constraint that the net charge in the ion sphere is
The dimensionless constant a can therefore be interpreted as the relative departure from charge neutrality at ξ = 1, i.e. a = [N i (1) − N e (1)]/N e (1) (see figure 1 ).
Structure of the plasma outside of the ion sphere
The region ξ > 1 is populated by electrons only. The electric field for this region is obtained by integration of the Poisson equation (16) with N i = 0
Plugging this expression for the electric field into the electron momentum equation (2) for j = e conducts to the integro-differential equation for the electron density in the region ahead of the ion sphere
where the prime symbol ′ stands for the derivative with respect to the self-similar variable ∂/∂ξ. Equation (19) must be integrated numerically. We used a standard adaptive Runge-Kutta solver for all figures of the paper. However, even without performing the integration, the equation tells us that the electrons extends to a maximum radial distance ξ f . For example, in the particular case of overall neutral plasma, for ξ → ∞ the second term on the right-hand side of (19) , which is essentially the electric field, must vanish. In this case, sooner or later, it must be that the electron density decreases as N e ∝ −ξ 6 which necessarily implies N e = 0 for a finite value of ξ. Knowing that both the density and the electric field vanish at some finite distance ξ = ξ f (the electron front) we conclude that at that particular distance N
2/3 e = −k 2 αξ f and that therefore in the vicinity of ξ f the density rapidly falls off as N e ∝ (ξ f − ξ) 3 . This is an important difference with respect to the infinite electron precursor of the Murakami and Basko model [1] .
Equation (19) is a function of two constants a and k 2 which are apparently independent of each other. However, if one assumes that the electron density is not discontinuous in ξ = 1 so that N e (1 + )/N 1 = 1 can be used as a boundary condition, the two constants a and k 2 are constraint by the requirement that the electric field and the density both vanish at ξ = ξ f . The former condition implies that 3(a N 1 )
The k 2 (a) dependence for an overall neutral plasma and an electron to ion mass ratio α = 1/50 is graphically illustrated in figure 2 . The fact that a and k 2 are not independent shows that for a given choice of the charge separation parameter a there is only one possible choice of the parameter k 2 such that the electron density and the electric field both vanish at exactly the same position ξ f . Thus, the behaviour of the system depends on the value of one single dimensionless parameter. For coherence with previous works on the subject [1, 13] we use a combination of a and k 2 to define the key parameter Relation between the parameters a, k 2 and Λ 2 ≡ (λ D1 /R) 2 for an overall neutral plasma and α = 1/50 obtained by numerically solving the differential equation for the electron density ahead of the ion front (19) .
2 n e (1)] 1/2 is the electron Debye length at the ion front ξ = 1. An additional parameter is required if the plasma of the self-similar solution is not globally neutral (see section 2.3.1).
Two examples illustrating a moderate and a strong charge separation, respectively, are shown in figure 3. As the charge separation grows with growing temperature we may class the two examples as mild and hot, respectively. Not surprisingly, the electrons being less coupled to the ions in the hot case (right panels) the electron precursor extends to a significantly larger distance ahead of the ion front with an overall flatter density profile. In figure 4 the profiles for 4 different values of Λ 2 are shown starting form a quasi-neutral (mild) case with Λ 2 = 0.02 where electrons hardly detach from the ion sphere up to the hot case with Λ 2 = 3 which already resembles to a Coulomb explosion [13] .
Overall charged plasma
In the previous section we considered the case of an overall neutral plasma, i.e. a plasma where the total number of ions N i equals the total number of electrons N e . However, in some experiments (real or numerical), as in the numerical simulation presented in the Section 3, a non negligible fraction of electrons may be sufficiently energetic to become completely decoupled from the ion sphere. These electrons do essentially conserve their original speed and their evolution is trivial. Only the electrons which remain coupled to the ions do then participate to the self-similar evolution of the remnant which is not necessarily globally neutral.
If we assume that the plasma remnant's global charge is Q f ≡ e(N i − N e ), one has to integrate equation (19) under the condition that the electric field at the electron front is just E(r f ) = Q f /r ξ → ξ f in (19) . Near the electron front, the differential equation (19) 
Thus, in the charged case, as in the neutral case discussed in the previous section, the electron density decreases as N e ∝ (ξ f −ξ)
3 for ξ → ξ f . In figure 5 the self-similar profiles for a neutral plasma (left panels) and a charged plasma (right panels) are shown. Both Figure 5 . Electron and ion density profiles (top panels) and electric field profiles for two different values of the total charge Q f /Q 1 and Λ 2 . The total number of electrons in the charged system is only 67% of the total number of ions so that the electric field is not zero at the electron front. In the neutral case Λ 2 = 0.02 with (a, k 2 ) = (0.73, 9.16) (left panels) while for the charged case Λ 2 = 0.08 with (a, k 2 ) = (3.6, 11) (right panels). The electron front is much closer to the ion front in the charged case, despite being characterized by a larger value of Λ. These two particular examples are discussed further in connection with the numerical simulation of section 3.
cases are rather mild with (Λ 2 = 0.02 and Λ 2 = 0.08 respectively. In the charged case, the total number of electrons is only 2/3 of the total number of ions. Not surprisingly, the electron front is substantially closer to the ion front in the charged case compared to the neutral case because of the missing electrons. The k 2 parameter being larger in the charged case, both the ion and electron densities decrease faster in the charged case than in the neutral case, even though the latter is the coldest of the two. The plasma parameters for the two examples in figure 5 have been chosen for the ion density profiles to fit the density profile of the case simulation presented in section 3.
Ion front motion
The position of the ion front R(t) can be computed explicitly from the equation of motion by integrating the conditionRR 2 = k 1 = eQ 1 /m i which expresses the conservation in time of the net charge of the ion sphere. Thus, the differential equation for R(t) can be written in the forṁ
where V ∞ is to the asymptotic velocity of the ion front. If we assume that the ion front is initially at rest, then V 2 ∞ = 2k 1 /R 0 and thereforė
Multiplying equation (22) by (R 0 ω e,1 ) −1 , where ω e,1 = [4πe 2 n e (1)/m e ] 1/2 is the electron plasma frequency at ξ = 1, leads to the differential equation in the normalized time variablet ≡ tω e,1 and the normalized ion front positionR ≡ R/R 0 dR dt = 2aα 3
whose solution is
We note that for a ≫ 1 one has ω e,1 √ aα ≈ ω i,1 (see (17) ) and (24) reduces to the expression given in [13] for the case of a pure Coulomb explosion. The solution (24) shows that the characteristic time scale for approaching the asymptotic velocity is of order of (ω e,1 √ aα) −1 indicating that acceleration time and wave period of Langmuir oscillations near the ion front are of the same order for √ aα of order unity.
Ion energy distribution
Using (15) the total (kinetic + electrostatic) energy of an ion at any position ξ ≤ 1 can be written as
From the ion front equation of motion (21) and the equation for the electric field (15) one finds that the energy of an ion at position ξ grows in time as
approaching the asymptotic value E(ξ) ≈ 1 2
Given that the ion density profile N i (ξ) is known through equations (17) and (14) the number of ions in the interval [ξ, ξ + dξ] (normalized to the total number N i ) is explicitly given by
Using the energy-position relation (25) and the density distribution (27) , one obtains the number of ions in the energy interval [Ẽ,Ẽ + dẼ]:
whereẼ = E/E(1) = ξ 2 is the energy of an ion at position ξ normalized to the energy of an ion at ξ = 1. The distribution dN i /dẼ of the ions kinetic energy in the system is shown in figure 6 for various values of Λ 2 . We note that for Λ from the ions near the front ξ = 1 is no longer dominant since their relative number decreases with decreasing Λ 2 as shown by equations (14) and (17) or even figure 4. The structure of the ion energy spectrum and its dependence on Λ 2 is qualitatively similar to the spectra in [25, 13] .
Electron heat flux
In order to compute the heat flux q carried by the electrons we write the energy equation in Lagrangian form, derived from the collisionless Boltzmann equation, for a spherically symmetric flow and isotropic electron temperature [26] :
The first term on the right corresponds to the cooling of the fluid element du to the expansion, the second term to the cooling (or heating) of the fluid element collisionless heat conduction. For a polytropic fluid with T ∝ n γ−1 e equation (29) can be written in the form:
where D/Dt ≡ ∂/∂t + v∂/∂r is the convective derivative. As expected, equation (30) shows that the electron heat flux vanishes when the polytropic index equals the adiabatic value γ ad = 5 3 and infinity for the isothermal index γ = 1. Since the spatial profiles of both density and temperature are flat near the expansion centre we find that the heat flux near the expansion centre is given by q(r) ≃ 1 2 n e k B r ∂T /∂t < 0, indicating that energy is transported in the direction of decreasing r, i.e. in the direction of increasing temperature. The reason for this non intuitive behaviour is that the energy flux goes from high to low entropy regions but not necessarily from regions of high to regions of low temperature. In general, in a collisional gaz or in a fluid, temperature and entropy vary together and energy effectively flows down the temperature gradient. In the polytropic approximation entropy variations ds and temperature variations dT are related via [27] 
where R is the gaz constant and where γ = 4 3 has been set. The entropy-temperature relation indicates that spatial and temporal variations of the electron temperature are opposite with respect to the spatial and temporal variations of the entropy. Thus, in the self-similar solution of the expansion problem, entropy increases spatially away from the expansion centre with a logarithmic divergence s ∝ − ln(ξ f − ξ) for ξ → ξ f . Similarly, in the central region, near r = 0, one has ∂s/∂t = − 3 2 R∂ ln T /∂t > 0. Entropy grows in time because the reduction of entropy due to cooling is more than compensated by the entropy increase due to the fluid expansion.
Specialising to shear-free flows v = ξṘ with the self-similar polytropic index γ = 4 3 , the energy equation (30) simplifies to
The left-hand side of this expression is strictly positive indicating that the heat flux is directed towards the expansion centre, against the temperature gradient, in all parts of the fluid. Equation (32) can be solved for the heat flux which after some rearrangements becomes
This equation shows that at any given time t the energy |4πξ 2 R 2 q(ξ, t)| which flows towards the centre through the sphere of radius ξ increases monotonically with the distance ξ, reaching a maximum at the electron front ξ = ξ f . The heat flux at any position ξ varies in time as −Ṙ/R 4 . Thus, according to (33) , the heat flux, which is initially zero if the initial expansion velocity is assumed to be zero, first grows in time until it reaches a maximum intensity at the time when R = 9 8 R 0 . At later times the heat flux intensity decreases everywhere monotonically and, in particular for R ≫ 1, the expansion velocity can be assumed to be constant and q ∝ R −4 ∝ t −4 .
Ab initio simulation
In this section we present a numerical case simulation of a two species collisionless plasma expanding into vacuum. We use a slightly modified version of Walter Dehnen's non relativistic N-body code [28] , initially conceived for gravitational problems. Nbody simulations have the advantage of not resting on simplyfing assumptions being merely based on Newton's second law of motion and Coulomb's law to compute the self-consistent evolution of a system of point charges. The major disadvantage of N-body simulations, compared to either fluid [29, 30] , semi-kinetic [13] or even fully kinetic simulations [31, 14, 4] resides in the computational difficulty to follow the plasma evolution over a sufficiently long physical time for the system to enter into a clean selfsimilar phase. The choice of an artificially small mass ratio m i /m e , necessary to keep the computational time within reasonable limits, is another drawback of the N-body simulations. On the other hand, N-body simulations are more realistic representations of collisionless systems with a small number of particles than ideal, noise-free, simulations based on the Vlasov-Poisson system. Strictly speaking the Vlasov-Poisson equations are only applicable to plasmas where the number of electrons within the Debye sphere tends to infinity. However, in real plasma-cluster experiments the number of atoms in a cluster is rather small, ranging between 10 3 [32] and 10 7 [6] . Accordingly, in the simulation of this section a total number of 1.5 10 5 ions and an equal number of electrons have been chosen. The parameter Λ having been selected in the the most interesting regime for numerical simulations Λ = O(0.1) (see Section 3.1), the expected number of electrons in Debye sphere is of order 10
2 . As explained in [33] , the applicability of a Vlasov-Poisson model for a system with such a small number of particles is questionable since a non negligible fraction of orbits are expected to become chaotic, i.e. non reversible, during the time of the simulation. Thus, contrary to the prediction of the Vlasov-Poisson model, in the N-body and in the corresponding real system, the total Gibbs entropy is not constant but a growing function of time.
Plasma parameters and initial conditions
We simulate a total of 1.5 10 5 single ionized ions and an equal number of electrons. The ion to electron mass ratio is m i /m e = 50. Such a mass ratio is sufficiently large for the two fluid model of Section 2 to be applicable.
At t = 0 ions and electrons are distributed uniformly within a sphere of radius R 0 . Initially, all ions are motionless whereas the electrons's velocities are drawn following a Maxwell-Boltzmann distribution at temperature T 0 and zero bulk velocity.
The initial temperature T 0 and density n i,0 = n e,0 = n 0 are selected for the expansion to be in the mild regime with Λ = O(0.1), the hot case Λ ≫ 1 corresponding to the Coulomb explosion and the cold case Λ ≪ 1 to the quasi-neutral case.
The strong interaction radius r s ≡ e 2 /3k B T , representing the characteristic distance for binary collisions, is taken to be much smaller than the ion sphere R and even much smaller that the average distance between electrons n −1/3 e . The mean free path for a binary collisions of a test electron with another electron in the system can be estimated to be λ ee,bin = 1/n e 4πr 2 s = 9(k B T ) 2 /4πe 4 n e . Using the definition of the key parameter Λ 2 = k B T R −2 /4πn e e 2 , and the polytropic relation T ∝ N 1/3 e , the normalized mean free path for binary collisions becomes
which shows explicitly that in the self-similar model the collisionality does not evolve in time as the right-hand side of (34) is constant. In weakly coupled plasmas where the Coulomb logarithm ln(λ D /r s ) 5, binary collisions are unimportant compared to the cumulative effect of long distant interactions with impact parameters of the order λ D ≫ r s . The mean free path can then be obtained in the Fokker-Planck approximation which is given, within a constant factor of order unity, by λ ee,FP ∼ λ ee,bin ln −1 (λ D /r s ) [34] .
In the simulation the Coulomb logarithm is larger than unity, the density at the ion front N 1 ≈ 2 × 10 3 and the key parameter Λ 2 0.02 (see figure 7) . We can then make an estimate of the mean free path at the ion front λ ee,FP (1) ∼ λ ee,FP (1) 90R ≫ R. which confirms that the plasma is collisionless and that it can be treated in the frame of the collisionless fluid model of section 2. Figure 7 shows that the simulated ion density profile can be fairly well approximated using the self-similar density from (17) with Λ 2 = 0.02 and an overall neutral plasma. On the other hand, the electron density predicted by the model are substantially higher than the density observed in the simulation everywhere within the ion sphere. A much better agreement for both ion and electron densities can be obtained by assuming that the plasma is not globally neutral as shown in the right panel of figure 7 where the total number of electrons is only 2/3 of the total number of ions and Λ 2 = 0.08. The fact that the non neutral model provides a better approximation is the consequence of a non negligible fraction of electrons having a sufficiently high initial energy to escape from the system keeping the memory of the initial condition which is not compatible with the self-similar solution. The flattening of the electron density profile from the simulation for ξ 1.6 is a trace of these escaping electrons which are even better visible in figure 9 . Figure 9 also shows that some of the electrons located ahead of the ion front are falling back towards the ion sphere on time scales which are of the order of the simulation time. These slowly falling electrons do still carry the memory of the initial conditions and may not yet be entirely compatible with the asymptotic solution.
Density and temperature profiles inside of the ion sphere
The small ion excess observed in the simulation when approaching the ion front is due to ion overtaking which has been shown to occur whenever the electric field maximum occurs in a region of decreasing ion density [24, 13] .
In figure 8 the electron temperature profile at the end of the simulation is compared to the model predictions based on the same two sets of parameter used for figure 7. As already announced, the electron temperature measured in the simulation is strongly dependent on the spatial variable ξ despite having been uniform at t = 0. The agreement between simulation and model prediction is rather satisfactory for ξ 0.8 for both the overall neutral and the overall charged case. In particular the convex shape of the temperature profile predicted by the theory is apparent in the simulated profile. The spike in the temperature near ξ = 0.9 is a transient feature due to the presence of counterstreaming electron beams. Indeed, as shown in figure 9 , electron beams are figure 9) . The model densities have been normalized as to make the total number of ions in the simulation to be equal to the total number of ions in the model. All densities have been normalized to the model electron density N e (1) (see equation (14) ).
sporadically expelled from the ion sphere. Most of these beams, except the very first one, are not energetic enough to escape and fall back into the ion sphere where they first appear as inward propagating beams and later, passed the pericentre, again as outward propagating beams. Figure 9 shows the electron density in arbitrary units and the position of the ion front as a function of time. Given the difficulty of predicting the value of Λ 2 based on the initial choice of the electron temperature we fit the ion front position using equation (24) . The fit produces an estimate of the parameter a and, from which, using figure 2, one deduces the value of the key parameter Λ 2 = 0.08 and the scaling of the time axis in terms of the electron plasma frequency.
Ion front expansion and electron density fluctuations
The figure shows that regardless of the strong electron density fluctuations around the ion front, the latter closely follows the temporal evolution of equation (24) . The time period of the electron density fluctuations near the ion are compatible with a period of the order 2π/ω e (1). The slowing down of the oscillation frequency with time is a consequence of the decreasing plasma frequency ω e (t) ∝ n the total number, have a sufficiently high initial kinetic energy to freely escape from the system. In the long run, once the not bounded electrons have escaped, the system does more likely evolve according to the self-similar solution of a charged plasma with Q f /Q 1 = 0.33 as suggested by the good agreement between the profile from the simulation and the manual fit in the right panel of figure 7. The energy spectrum of the ions in the simulation is shown in figure 10 at the end of the simulation when the ion front velocity can be assumed to be constant and the electrostatic energy stored in the ions negligible. Also shown are the model energy distributions for the two sets of plasma parameters used for the two panels in figure 7 . Both the charged and the neutral case do qualitatively agree with the distribution from the simulation. The main difference between simulation and model is the existence of a secondary peak in the ion energy distribution from the simulation. This secondary peak at the ion front is a remnant of the initial condition, due, at least in part, to ion overtaking as described in [17, 18] for the quasi-neutral case and in [24, 13] for the Coulomb explosion case. Ion overtaking does also manifest itself with the formation of a peak in the ion density profile which is visible on the ion density profiles near ξ = 1 in figure 7 . However, as shown in [20] , a spike near the maximum energy can also be part of a self-similar solution by relaxing the zero velocity condition at ξ = 0.
Conclusions
We have presented a new spherically symmetric self-similar solution for the problem of the expansion of a collisionless, either globally neutral or globally charged plasma, into vacuum. The model is based on a two fluid system of equations derived from the collisionless Boltzmann equation with a polytropic closure for the electrons and a zero temperature closure for the ions. The model is similar to the one recently published in [1] with the notable difference that electrons are non isothermal. The consequence is the appearance of a sharp electron front at some distance ahead of the ion front and an inwards directed heat flux. Analytic expressions for the ion and electron densities as well as for the electron heat flux and the ion energy distribution are given for the region inside the ion sphere. The self-similar solution has been found to be in good qualitative agreement with results from an ab initio numerical simulation. Longer simulations than the one presented are needed to establish if the self-similar solution is effectively an "attractor" for the late evolution of the system, when the memory of the initial conditions are lost. We note that the fluid model is based on the restrictive assumption that the radial and tangential temperatures of the electron fluid are equal. This condition is not necessarily satisfied in the collisionless limit where the pressure tensor can be anisotropic. Thus, an even better agreement between model and numerical simulations may be obtained by assuming a non isotropic pressure tensor for the electron fluid which is a current assumption in the context of solar wind modelling [26] possibly with a different equation of state for the radial and tangential directions. However, allowing for the pressure to be anisotropic does only make sense if some physical mechanism (e.g. plasma instability) triggering the degree of anisotropy has been previously identified.
We conclude by observing that the presented self-similar solution is expected to apply to the late expansion of a plasma resulting from the irradiation of small clusters of atoms where the totality of the electrons are heated to high energies independently of their original location within the cluster. The case of an expanding plasma with two distinct electron populations is certainly a more realistic representation of the case of large clusters [16, 15, 1] worth being addressed in a future publication. In this repect, we note that the two populations case with a mild, cluster bounded population, and a hot, escaping population, has already been discussed implicitly in Section 2.3.1 where we have treated the case of an overall charged plasma. The generalization of the solution to the case of two or more populations of electrons with different temperatures and densities should be straightforward and much easier to carry out than the more ambitious generalization to an anisotropic electron pressure tensor.
